The stability of eccentrically stiffened circular cylinders.  Volume 5 - Effects of initial imperfections, axial compression and pure bending by Smith, G. W. & Spier, E. E.
REPORT NO. GDC DDG 67-006 
THE STABILITY OF ECCENTRICALLY 
STIFFENED CIRCULAR CYLINDERS 
VOLUME V 
EFFECTS OF INITIAL IMPERFECTIONS; 
AXIAL COMPRESSION AND PURE BENDING 
Prepared for the 
GEORGE C. MARSHALL SPACE FLIGHT CENTER 
National Aeronautics and Space Administration 
Huntsville, Alabama 
BY 
G. W. SMITH and E. E. SPIER 
20 June 1967 
Prepared by 
CONVAIR DIVISION OF GENERAL DYNAMICS 
San Diego, California 
https://ntrs.nasa.gov/search.jsp?R=19680003403 2020-03-24T00:00:08+00:00Z
~11;s volume w a s  prepared by t h e  S t ruc tu ra l  Analysis Group of General 
Dynamics Convair Divis ion t o  present  a porkion of t h e  r e s u l t s  obtained 
under NASA Contract NAS8-11181, The o v e r a l l  p ro jec t  w a s  conducted i n  two 
sepa ra t e ,  consecutive phases. The f i r s t  phase w a s  performed by G. W. Smith 
and F. =I. Dit toe  wi th  Dr .  A. H. Hausrath ac t ing  i n  the  capac i ty  of p ro jec t  
leader .  The second phase w a s  performed mainly by G. W. Smith and E. E. Spier  
wi th  Mr. Smith assigned a s  p r o j e c t  leader .  Valuable con t r ibu t ions  were a l s o  
made by D r .  S. N. Dharmarajan and D r .  P. E. Wilson i n  connection with i n t e r -  
a c t i o n  behavior and equat ion ve r i f i ca t ions .  
During the  o v e r a l l  e f f o r t ,  programming f o r  t h e  d i g i t a l  computer was 
accomplished mainly by M r s .  L. S. Fossum, M r s .  E. A. Muscha, and M r s .  
N. L. Fraser ,  all of t h e  Technical Programming Group. M r .  J. R. Anderson 
of the  Guidance and Tra jec tory  Programming Group a l s o  contr ibuted.  
Appreciation is  expressed t o  H. L. Billmayer and H. R. Coldwater of 
t h e  S t r u c t u r e s  Division, Propulsion and Vehicle Engineering Laboratory, 
Marshall Space F l igh t  Center, f o r  t h e i r  support of the  e n t i r e  p ro jec t .  I n  
the  r o l e  o f  NASA Technical Representat ive,  M r .  Billmayer provided he lpfu l  
a s s i s t ance  i n  the d e f i n i t i o n  and achievement of t h e  s tudy goals.  
411 s i x  volumes of t h i s  r e p o r t  were typed by Mrs. F. C. Jaeger of the  
Convair S t r u c t u r a l  -4nalysis Group. 
GENERAL DYNAMICS CONV-LIR D I  V I S I O N  
THE STABILITY O F  ECCENTRICALLY 
STIFY'EWSD CIRCULAR CnINDERS 
EFFECTS OF INITIAL IMPERFJ3CTIONS; 
AXIAL COMPRESSION AND PUFU3 BENDING 
BY 
G. W. Smith and E. E. Spie r  
General Dynamics Convair Divis ion 
San Diego, C a l i f o r n i a  
ABSTRACT 
This  is t h e  f i f t h  of s i x  volumes, a l l  bear ing the  same repor t  number, 
but dea l ing  wi th  sepa ra t e  problem a r e a s  concerning the  s t a b i l i t y  of 
e c c e n t r i c a l l y  s t i f f e n e d  c i r c u l a r  cy l inders .  The c'omplete s e t  of documents 
was prepared under NASA Contract NAS8-11181. I n  t h i s  p a r t i c u l a r  volume, 
p r a c t i c a l  design curves a r e  presented f o r  empir ica l  knock-down fac to r s .  
These f a c t o r s  a r e  needed f o r  the  reduct ion  of c l a s s i c a l  t h e o r e t i c a l  s t r e n g t h  
values t o  s a f e  design l e v e l s ,  I n  view of the  r e l a t i v e  s c a r c i t y  of t e s t  d a t a  
f o r  s t i f f e n e d  cy l inde r s ,  t he  design curves a r e  based on t h e  use of an 
e f f e c t i v e  th i ckness  concept i n  conjunct ion wi th  t e s t  da ta  from i s o t r o p i c  
cyl inders .  
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DEFINITION O F  SYMBOLS 
Def in i t ion  
.!rea 
X l a s t i c  cons tants  ( see  Volume I [121) 
Ring spacing; Postbuckling va r i ab le  def ined 
by Figures  9 and 10. 
Postbuckling va r i ab le  defined by Figures  9 and 10. 
F i x i t y  f a c t o r .  . . 
g l a s t i c  cons tan t s  ( see  Volume I f121)  
Young's modulus. 
r langent  I modulus i n  compression. 
Base of na tu ra l  logarithms. 
Overal l  l eng th  of cyl inder .  
Applied long i tud ina l  coinpressive running load  ( a c t i n g  
a t  cen t ro id  of  e f f e c t i v e  sk in-s t r inger  combination). 
C las s i ca l  t h e o r e t i c a l  value f o r  t h e  c r i t i c a l  longi tudina l  
coinpressive running load ( ac t ing  a t  cen t ro id  of e f f e c t i v e  
sk in - s t r inge r  combination). 
C r i t i c a l  l ong i tud ina l  compressive .running load  ( ac t ing  
a t  cen t ro id  of e f f e c t i v e  sk in-s t r inger  combination). 
Minimum long i tud ina l  compressive running load  ( a c t i n g  a t  
c e n t r o i d  of e f f e c t i v e  sk in - s t r inge r  combination) f o r  the 
postbuckling equi l ibr ium path ( see  Figures  9 and 10) .  
... hide-column c r i t i c a l  longi tudina l  compressive running 
load  ( ac t ing  a t  cen t ro id  of e f f e c t i v e  sk in - s t r inge r  
combination). 
Radius t o  middle sur face  of bas i c  c y l i n d r i c a l  skin. 
Thickness of b a s i c  c y l i n d r i c a l  skin.  
Equivalent thickness .  
- 
tx #all t h i ckness  f o r  a monoeoque cy l inde r  of same t o t a l  
c ross-sec t ional  a r e a  a s  a c t u a l  composite w a l l  ( including 
a l l  of t h e  e f f e c t i v e  s k i n  and s t r i n g e r  mater ia l ) .  
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DEFINITION OF SYMBOLS 
(Continued) 
Definition 
r Knock-down fac tor  which accounts f o r  e f f e c t s  of i n i t i a l  
imperfections plus other uncertaint ies.  
Knock-down factor  f o r  c i r cu l a r  cylinder subjected t o  
rAxial p u r e e r i a l  load. 
rBend Knock-down f ac to r  f o r  c i r cu l a r  cylinder subjected t o  pure bending. 
P Local radius  of gyration of e f fec t ive  skin-st iffener 
~omb~na t ion .  
Px Local radius of gyration of e f fec t ive  skin-stringer 
combination. 
'=Y 
Local radius of gyration of e f fec t ive  skin-ring 
combinat ion. 
*cc 
Crippling s t ress .  
# Parameter defined by equation (2-3). 
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SECTION 1 
INTRODUCTION 
For i s o t r o p i c  c y l i n d e r s  under a x i a l  compression, it is widely known 
t h a t  l a r g e  d i s p a r i t i e s  e x i s t  between t e s t  r e s u l t s  and the  p red ic t ions  
from c l a s s i c a l  smal l -def lec t ion  theory. This  phenomenon is usua l ly  a t t r i -  
buted t o  the inf luences  of i n i t i a l  imperfect ions and t o  the  shape of t h e  
postbuckl ing equi l ibr ium path.  It should be noted, however, t h a t  r ecen t  ' 
t h e o r e t i c a l  and experimental i n v e s t i g a t i o n s  have e s t ab l i shed  t h e  f a c t  t h a t  
a  s i g n i f i c a n t  po r t ion  of the  d i f f e rences  r e s u l t s  from t e s t  boundary con- 
d i t i o n s  which d i f f e r  from those assumed i n  t h e  c l a s s i c a l  ana lys is .  For 
i s o t r o p i c  cy l inde r s ,  . t h e  present  design p r a c t i c e  is t o  consol ida te  these  
va r ious  inf luences ,  a long wi th  o t h e r  u n c e r t a i n t i e s ,  i n t o  a s i n g l e  empir ica l  
knock-down f a c t o r .  The procedures presented i n  the  s e c t i o n s  t o  follow a r e  
based on t h e  use of t h i s  same approach f o r  the  a n a l y s i s  of e c c e n t r i c a l l y  
s t i f f e n e d  cyl inders .  For s t i f f e n e d  s h e l l s  i n  general ,  t he  l i m i t e d  ava i l ab le  
t e s t  d a t a  tend t o  i n d i c a t e  t h a t  t h e  p red ic t ions  from c l a s s i c a l  small-def lect ior  
theory w i l l  be more nea r ly  approached than  i n  t h e  case of thin-walled i so t rop ic  
cy l inders .  This  undoubtedly i s  t h e  r e s u l t  of t h e  s t i f f e n e d  wal l  configurat ionr  
being e f f e c t i v e l y  "thick". Therefore,  a c u r r e n t l y  popular viewpoint is t o  
consider  c l a s s i c a l  theory  t o  be d i r e c t l y  appl icable  t o  most p r a c t i c a l  s t i f f enec  
s h e l l s .  Nevertheless,  t o  account f o r  u n c e r t a i n t i e s  and t o  guard aga ins t  
r e c k l e s s  ex t r apo la t ion  i n t o  extreme parameter ranges,  it is suggested here 
t h a t  a  knock-down f a c t o r  be r e t a i n e d  i n  t h e  buckling a n a l y s i s  of s t i f f e n e d  
cyl inders .  This  should r e s u l t  i n  conservat ive s t r e n g t h  e s t ima tes  which can 
be employed w i t h  confidence i n  t h e  design of a c t u a l  hardware. 
1-1 
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SECTION 2 
KNOCK- DOWN CRITERIA 
2.1 EFFECTIVE THICKNESS 
For t h e  design of a x i a l l y  compressed i s o t r o p i c  cy l inde r s ,  t h e  allowable 
load  i n t e n s i t i e s  a r e  usua l ly  computed by t h e  equat ion 
where r is  the  empir ica l  knock-down f a c t o r .  It might be noted however, 
t h a t ,  i n  1950, a more fundamental approach was proposed by Donnell and #an C 11 
involving t h e  use of a so-ca l led  unevenness f ac to r .  This f a c t o r  was t o  
provide a measure of imperfect ion  magnitudes. Donnell and iYan published 
their paper pr imar i ly  i n  the  hope of demonstrating how a theore t ica l ly-based  
imperfect ion a n a l y s i s  might eventua l ly  be accomplished. Although t h e i r  pre- 
s e n t a t i o n  has s ince  become a c l a s s i c a l  source of i n s i g h t  i n t o  the  in f luences  
of i n i t i a l  imperfect ions,  t he  type of a n a l y s i s  which they  proposed has  never 
been widely used a s  a p r a c t i c a l  working method. Pn general ,  t h e  designer  and 
ana lys t  have i n s u f f i c i e n t  informat i o n  t o  s e l e c t  s u i t a b l e  va lues  f o r  un- 
evenness f a c t o r s  o r  o t h e r  q u a n t i t a t i v e  measures of imperfection magnitudes. 
A s  a r e s u l t ,  one h s u a l l y  r e s o r t s  t o  t h e  ca t ch -a l l  knock-down f a c t o r  of 
equat ion (2-1). This f a c t o r  is genera l ly  recognized t o  be a func t ion  of t h e  
r a t i o  (R/t). Various sources have proposed d i f f e r e n t  r e l a t i o n s h i p s  i n  t h i s  
regard. The d i f f e rences  usua l ly  a r i s e  out  of the  chosen s t a t i s t i c a l  c r i t e r i a  
and/or ou t  of t he  p a r t i c u l a r  t e s t  d a t a  s e l e c t e d  a s  t h e  empir ical  b a s i s .  One 
of the  most popular r e l a t i o n s h i p s  proposed t o  da te  is the  lower-bound 
c r i t e r i o n  of Seide, e t  a l .  C21 which is schematical ly  depicted i n  Figure 1. 
Note t h a t  t h i s  c r i t e r i o n  may be formulated a s  follows: 
Numbers i n  brackets  i 3 i n  the  t e x t  denote r e fe rences  l i s t e d  i n  
SECTION 4, 
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Incidental ly,  t h i s  same re la t ionship  is incorporated i n t o  the OPTION 1 
analys is  of Volume I1 C33 f o r  the  buckling of curved i so t rop ic  skin  panels. 
firtherrnore, it is pointed. out tha t  t h i s  par t i cu la r  c r i t e r i o n  is recommended 
i n  reference 4. 
L / where 
I Log Scale 
Figure 1 - Semi-Logarithmic Plot of r vs  R/ t  'For 
Isotropic Cylinders Under Axial Compression 
It is desired t h a t  empirical means, such as t h a t  given i n  Figure 1, 
a l s o  be provided f o r  the  design of eccen t r ica l ly  s t i f f ened  cylinders. One 
of the major obstacles t o  theachievementof t h i s  goal is the  lack of su f f i c i en t  
s t i f fened  cylinder t e s t  data  f o r  a thorough empirical determination. Faced 
with t h i s  deficiency, one therefore f inds  i t  necessary t o  employ the data 
from i so t rop ic  cylinders i n  conjunction with an e f fec t ive  thickness concept. , 
For example, the  curve of Figure 1 might be applied t o  s t i f fened  cylinders 
i f  the  var iable  ( ~ / t )  is replaced by an appropriate (Wte f f )  ra t io .  The 
crux of the problem then reduces t o  the choice of a su i tab le  method f o r  
determination of the e f fec t ive  thickness teif . Toward t h i s  end, note that  
f o r  a monocoque s h e l l  the  loca l  radius  of gyration of the she l l  wall can be 
expressed a s  follows: 
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This .g ives  the  fol lowing re l a t ionsh ip :  
It is e a s i l y  recognized t h a t  equat ion (2-5) g ives  t h e  monocoque wal l  thick-  
ness t h a t  w i l l  provide a  given value f o r  t h e  l o c a l  r a d i u s  of gyrat ion.  Th i s  
sitnple r e l a t i o n s h i p  i s  t h e  b a s i s  f o r  most of the  e f f e c t i v e  th ickness  concepts 
used f o r  r e l a t i n g  s t i f f e n e d  s h e l l  imperfect ion in f luences  t o  the  behavior of 
monocoque cyl inders .  .That is, it is usua l ly  assumed t h a t  equal s e n s i t i v i t y  
t o  imperfec t ions  r e s u l t s  from equivalence of t h e  l o c a l  r a d i i  of gyrat ion,  
"owever, t h i s  equivalence is r a t h e r  d i f f i c u l t  t o  e s t a b l i s h  s ince ,  f o r  
s t i f f e n e d  cyl inders ,  t h e  P values  gene ra l ly  a r e  not the  same i n  the  long- 
i t u d i n a l  and c i rcumferent ia l  d i r ec t ions .  This  r e q u i r e s  t h e  use of some type 
of averaging technique. The methods a v a i l a b l e  f o r  t h i s  purpose a r e  those 
proposed by Peterson i n  re ference  5 and by Almroth i n  re ference  6. It should 
be noted t h a t  t h e  foriner method is s p e c i f i e d  i n  t h e  c r i t e r i o n  of reference 4. 
The e f f e c t i v e  th ickness  proposed by Peterson bases  t h e  des i red  equivalence 
on the  geometric mean of the  long i tud ina l  and c i rcumferent ia l  l o c a l  r a d i i  
of g y r a t i o n  ( o x  and o , r e spec t ive ly )  f o r  t h e  s t i f f e n e d  cyl inder .  This 
Y 
l eads  t o  t h e  fol lowing expression: 
This may be r e w r i t t e n  i n  terms o f , t h e  e l a s t i c  cons tants  as 
2-3 
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The e f f e c t i v e  th ickness  proposed by Alnroth C6f bases t&e desi+ed 
equivalence on a s t i f f e n e d  s h e l l  r ad ius  of gyra t ion  which involves the  
ar i thmet ic  mean of t h e  longi tudinal  and c i rcumferent ia l  f l exura l  s t i f fnesses .  
This l eads  t o  t h e  expression 
The Ai j  and D values of equations (2-7) through (2-10) may be computed i j 
from the appropriate  formulas of Volumes. 111 [ 7 )  and I V  [8], However, when 
computing DZ2, one should always s e t  u = 0 . 
Equations (2-8) and (2-10) both reduce t o  teff = t i n  t h e  spec ia l  case 
of an  i s o t r o p i c  cyl inder ,  I n  addit ion,  f o r  s t i f f e n e d  cyl inders  having 
All = AZ2 and Dll = DZ2, equations (2-8) and (2-10) w i l l  give i d e n t i c a l  
r e s u l t s ,  However, f o r  a l l  o the r  geometries the  two approaches w i l l  y i e l d  
d i f f e r i n g  e f f e c t i v e  thicknesses,  A choice between t h e  two methods must be 
r a t h e r  a r b i t r a r y  i n  view of t h e  lack  of r i g o r  i n  both. Therefore, i n  t h e  
i n t e r e s t  of conservatism, and t o  conform with the c r i t e r i a  of reference  4, 
i t  is recommended here t h a t  equat ions (2-6) through (2-8) be used i n  
applying t h e  a n a l y s i s  methods of t h i s  multiple-volume repor t .  
GENERAL DYNAMICS CONVAIR DI  VISION 
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2.2 DESI GN CURVES 
The s i m p l i c i t y  of t h e  lower-bound c r i t e r i o n  of Seide, e t  a l .  [21, 
along with i t s  p r i o r  s e l e c t i o n  f o r  the  a p ~ l i c a t i o n s  of re ference  4, makes 
it  an a t t r a c t i v e  b a s i s  f o r  t h e  knock-down procedures of t h i s  volume, How- 
ever ,  one should note t h a t  o t h e r  c r i t e r i a  have been published [ 6 ,  91 which 
tend toward g r e a t e r  conservatism i n  a l l  but  t h e  extremely low ( ~ / t )  ranges. 
Furthermore, r e fe rences  6 and 9 both provide seve ra l  design curves f o r  
d i f f e r i n g  degrees of s t a t i s t i c a l  p r o b a b i l i t y  whereas t h e  Seide C21 formula- 
t i o n  is simply a lower-bound t o  a s e l e c t e d  a r r a y  of t e s t  data ,  Note t h a t  
50% p r o b a b i l i t y  curves can be q u i t e  use fu l  f o r  the  comparison of p red ic t ions  
aga ins t  a c t u a l  experimental values whereas 90% and 99% p r o b a b i l i t y  curves 
provide reasonable design l eve l s .  I n  addi t ion ,  unl ike  t h e  o the r  c r i t e r i a  
c i t e d  here ,  the  curves of re ference  9 recognize a s t a t i s t i c a l  inf luence  
from t h e  parameter (L/R), 
I n  view of t h e  seve ra l  f a c t o r s  noted i n  t h e  preceding paragraph, t h e  
following recommendations a r e  made a t  t h i s  time: 
( a )  For a x i a l l y  compressed c i r c u l a r  cy l inde r s  having shallow 
s t i f f e n e r s  (such a s  i n  waff le  conf igura t ions) ,  use the  knock-down 
curves given i n  Figure 2, which embody t h e  99% p r o b a b i l i t y  
r e s u l t s  of reference 9. These same curves may be used f o r  
monocoque o r tho t rop ic  cy l inde r s  a s  wel l  a s  f o r  i s o t r o p i c  cy l inders .  
(b )  For heavi ly  s t i f f e n e d  c i r c u l a r  c y l i n d e r s  subjec ted  t o  a x i a l  com- 
press ion ,  use the knock-down curve given i n  Figure 5 which p resen t s  
the  c r i t e r i o n  of Seide,  e t  a l .  C21. 
For informational  purposes, t hese  a x i a l  compression design curves a r e  
supplemented by t h e  90% dnd 50% p r o b a b i l i t y  curves shown i n  Figures  3 and 4 
which embody a d d i t i o n a l  r e s u l t s  of reference 9. 
A 1 1  of t h e  foregoing d iscuss ions  of t h i s  volume have been s o l e l y  con- 
cerned with t h e  case of a x i a l  compression. However, it should be observed 
t h a t  both  r e fe rences  2 and 9 a l s o  provide design curves t o  be used f o r  cases  
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of pure bending, Under bending, only a m u a l l  portion of the cylinder 's  
circumference experiences s t r e s e  l eve l s  which i n i t i a t e  the buckling 
process. Because of the consequent reduced probabi l i ty  f o r  peak s t r e s se s  
t o  coincide with the location of an imperfection, it i~ t o  be expected t h a t  
the  knock-down f ac to r s  f o r  pure bending w i l l  be somewhat higher than the  
corresponding fac tors  f o r  ax i a l  load. However, the  bending c r i t e r i on  
proposed by Seide, e t  a l .  c21 seems t o  give unreasonably high values f o r  ' 
the r a t i o  trBend / rAXial 1, par t i cu la r ly  i n  the high (R/t) range.' It is 
customarily expected t h a t  t h i s  r a t i o  of knock-down fac tors  should be i n  the 
neighborhood of 1.30, The curves by Seide, e t  al. C2.j can give much higher 
r values and a study of t h i s  discrepancy ca s t s  suspicion on the  Bend values. 
Therefore, the following recommendations are  made a t  t h i s  time: 
( a )  For c i r c u l a r  cylinders having shallow s t i f f e n e r s  (such a s  i n  
waffle configurations),  and subjected t o  pure bending, use the  
knock-down curves given i n  Figure 6 which embody the  r e s u l t s  of 
reference 9. These same curves may be used fo r  monocoque 
orthotropic cylinders a s  well a s  f o r  i so t rop ic  cylinders. 
(b)  For heavily s t i f fened  c i r cu l a r  cylinders subjected t o  pure bending, 
use the  knock-down curve given i n  Figure 5 together with a 
correct ion fac tor  a s  follows: 
r - r 
Bend - Figure 5 
and 2 
For informational purpose, the  pure bending design curves a re  supplemented 
by the 90% and 5096 probabi l i ty  curves shown i n  Figures 7 and 8 which embody 
addit ional  r e s u l t s  of reference 9. 
2-6 
GENERAL DYNAMICS CONVAIR DIVISION 
Figure 2 - Knock-Down Faotors for Lightly Stiffened 
Cylinders Under Axial Compression (99% 
probability cr i ter ion of reference 9) 
FAgure 3 - Knock-Down Factors for Lightly Stiffened 
Cylinders Under Axial Compression (90% 
probability cr i ter ion of reference 9) 
Figure 4 - Knock-Down Factors for  Lightly Stiffened 
Cylinders Under Axial Compression (50% 
probability criterion of reference 9) 
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Figure 6 - Knock-Down Factors f o r  Lightly St i f fened 
Cylinders Under Pure Bendinn (99% 
probabili tg cr i ter ion of reference 9) 
Figure 7 - Knock-Down Factors for Liphtly Stiffened 
Cylinders Under Pure bend in^ (90% 
probability criterion of reference 9) 
Figure 8 - Knock-Down Factors for  Lightly St i f fened 
Cylinders Under Pure bend in^ (50% 
probabil i ty  cr i t er ion  of reference 9) 
SECTION 3 
-1PPLI C [TI ON 
3.1 GXSEil-kL 
Once having used the  appropriate  (R/t ) r a t i o  t o  f i n d  a numerical 
e f f  
value f o r  , one rnust then decide upon the  means by which t h i s  co r rec t ion  
sho~ l ld  be i n j e c t e d  i n t o  the  s t i f f e n e d  cyl inder  ana lys is .  To shed some l i g h t  
on t h i s  quest ion,  re ference  is made t o  a  p resen ta t ion  by Almroth [ 61 . 
,issuming t h a t  the  shape of the  postbuckling equi l ibr ium pa th  i s  of primary 
importance t o  t h i s  i s sue ,  Almroth suggests  t h a t  t h i s  shape be r e f l e c t e d  i n  
the  way r i s  introduced. I n  p a r t i c u l a r ,  he proposes t h a t  t he  postbuckling 
curve be used t o  e s t a b l i s h  a co r rec tab le  f r a c t i o n  of t h e  t o t a l  t h e o r e t i c a l  
s t rength .  This concept i s  i l l u s t r a t e d  i n  t h e  nondimensional load-displace- 
ment curves shown i n  Figures  9 and 10. As implied by these  f igu res ,  the 
;3ostbuckling behavior of s t i f f e n e d  cy l inde r s  can be qu i t e  d i f f e r e n t  from 
t h 2 t  of uns t i f f ened  cyl inders .  The exact na ture  of the  postbuckling curve 
End Shortening 
Figure 9 - Load-Displacement Curve f o r  Example 
Monocoaue Cylinder 
(E 1 
MIN 
GdNjiKAL DYNAMICS CONVAIR DIVISION 
- 
End Shortening 
Fipure 10 - Load-Displacement Curve for Example 
Orthotropic Cylinder 
for any particular configuration will depend upon the type and degree of 
stiffening. Almroth's proposal is that all cylinders which have the same 
(R/teff) values might be assumed to have identical values for the ratio 
By assuming the minimum postbuckling strength for an isotropic cylinder 
to be zero, one may rewrite equation (3-1) as follows: 
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A 1 1  of t h e  ' s  i n  t h i s  equat ion r e f e r  t o  t h e  s t i f f e n e d  configurat ion.  
The formula presented by Almroth i n  re ference  6 is s l i g h t l y  more complicated 
because of h i s  assumption t h a t  t h e  minimum postbuckling load f o r  i s o t r o p i c  
c y l i n d e r s  is 0.12 t imes t h e  c l a s s i c a l  t h e o r e t i c a l  value. p his choice was 
based on an  e a r l i e r  Almroth paper [lo]. However, Hoff, e t  a l .  I l l ]  have 
subsequently concluded t h a t  the  t h e o r e t i c a l  (i-) value f o r  i s o t r o p i c  
A MIN 
c y l i n d e r s  can be reduced below Almroth's value by increas ing  t h e  number of 
terms used i n  the  t r i g o n o m e t r i c s e r i e s f o r  t h e  r a d i a l  displacements. Hoff, 
et a l .  i n t e r p r e t  t h e i r  own r e s u l t s  t o  imply " tha t  t h e  minimal value of . t h e  
compressive load,  under which a  large-displacement equi l ibr ium is poss ib le ,  
is zero". 
To proper ly  apply equat ion (3-2), one must perform a postbuckling a n a l y s i s  
of the s t i f f e n e d  c y l i n d e r  t o  e s t a b l i s h  its appl icable  (zx) value. However, 
MIN 
t h i s  is  considered t o  be beyond t h e  scope and degree of complexity intended 
f o r  t h e  methods of t h i s  r epor t .  Therefore,  as an engineering approximation, 
it w i l l  be assumed here t h a t  (E-) f o r  a  s t i f f e n e d  cyl inder  can be taken 
" MIN ' 
equal t o  t h e  wide-column s t r e n g t h  (E_-) chosen a s  follows: 
A 
W C  
:?henever t h e  app l i cab le  l o c a l  s lenderness  r a t i o  s a t i s f i e s  the  condi t ion  
Whenever the  app l i cab le  l o c a l  s lenderness  r a t i o  s a t i s f i e s  the  
condi t ion  
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then use t h e  lower of the  two va lues  obtained from equat ions 
(3-4) and (3-6). 
These seve ra l  equat ions a r e  t o  be appl ied  t o  the  wide column obtained by 
unfolding t h e  composite c i r c u l a r  wal l  i n t o  a  f l a t  configurat ion,  while 
r e t a i n i n g  equiva lent  boundary conrstraint. Equation (3-2) may then  be r e -  
w r i t t e n  as follows: 
For the  a n a l y s i s  of general  i n s t a b i l i t y  (see GLOSS.tHY, Volume I C 1211, the 
e n t i r e  o v e r a l l  l eng th  is  used i n  equat ions (3-3) through (3-6) r ega rd le s s  
o f  the  r i n g  spacing a . I n  such cases  the  (Ex) value rill usua l ly  be 
W C  
small  and i t s  inf luence i n  equat ion (3-7) w i l l  not be very s i g n i f i c a n t .  
However, f o r  cy l inde r s  which a r e  s t i f f e n e d  only i n  t h e  longi tudina l  d i r e c t i o n ,  
t he  s i t u a t i o n  w i l l  u sua l ly  be q u i t e  d i f f e r e n t .  Although these  s t r u c t u r e s  
s t i l l  ejnploy t h e  o v e r a l l  l eng th  L i n  t h e  v ide  column computation, t h e  (Ex) 
W C  
component w i l l  u sua l ly  con~prise a  major p a r t  of the  t o t a l  co:i~pressive 
s t rength .  The remaining p o s s i b i l i t y  of i n t e r e s t  t o  t h i s  r e p o r t  3s t h e  
s i t u a t i o n  encountered i n  t h e  a n a l y s i s  of so-cal led panel i n s t a b i l i t y  ( see  
GLOSSARY, Volume I C12l) in cy l inde r s  t h a t  incorpora te  both long i tud ina l  and 
c i rcumferent ia l  s t i f f e n i n g .  I n  t h i s  case ,  one is  concerned with the  behavior 
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of l o n g i t u d i n a l l y  s t i f f e n e d  s e c t i o n s  t h a t  l i e  between r i n g s  and t h e  wide- 
column component i s  ca lcu la t ed  by i n s e r t i n g  L = a i n t o  equat ions (3-3) 
through (3-6). Here again,  t he  usual r e s u l t  is  t h a t  (Fxix) comprises a 
W C  
major po r t ion  of the  t o t a l  r e s i s t a n c e  t o  i n s t a b i l i t y .  
3.2 SUMMARY PROCEDURE 
To expedi te  ready a p p l i c a t i o n  t o  p r a c t i c a l  problems, t h e  recommenda- 
t i o n s  of t h i s  volume a r e  summarized i n  t h e  following concise procedure: 
(a)  F i r s t  ob ta in  c l a s s i c a l  t h e o r e t i c a l  va lues  f o r  t h e  c r i t i c a l  
l ong i tud ina l  compressive running load  (q) , a c t i n g  a t  t h e  
ck cen t ro id  of t h e  e f f e c t i v e  sk in - s t r inge r  com ina t ion .  The 
methods of 'Volumes111 [?I and I V  [8] a r e  used f o r  t h i s  purpose. 
(b)  Then compute t h e  equiva lent  th i ckness  teff from the  equat ions  
( c )  Compute the  knock-down f a c t o r  r as follows: 
L igh t ly  S t i f f ened  Cylinders  Heavily S t i f f e n e d  Cylinders I 
Axial Compression - Use 
Figure 2. 
Pure Bending - Use 
Figure 6 
I Axial Cornpression - Use Figure 5. I Pure Bending - Use the  equation: 
r ~ a n d  = ( r ) ~ i g u r e  5 (3-10 
6 and 2 
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Cd) For the analysie of cyaimders- having only fongi-tudinal . 
stiffening and for the analysie of general instabil ity 
(see GLOSSARY, Volume I [12]) i n  cylinders having inter- 
mediate rings, compute the wide-column ktrength (%) 
we 
as  follows: 
Whenever ( )  a(*)(dT) 
then, 
Whenever 
then use the lower o f  the two 
values obtained from equations 
(3-12) and (3-14). 
P 1 
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It  should be noted' t h a t  the  logic  embodied 
i n  equations (3-11) through (3-14) is 
automatically executed by d i g i t a l  computer 
program 4196 C71 i f  the  input N* value is  
s e t  equal t o  zero. Hence, one can f ind (k) 
WC 
by using t h a t  program o r  the c r i t i c a l  s t r e s s  
curves ( fo r  N* = 0 )  furnished i n  Volume I11 C71. 
(e) For the analys is  of panel i n s t a b i l i t y  (see GLOSSARY, Volume 
I [12]) i n  cylinders having both s t r i nge r s  and intermediate 
r ings,  simply make the  subs t i tu t ion  L t a i n  equations 
(3-11) through (3-141, where a is the  r ing  spacing. 
( f )  Then compute the c r i t i c a l  longitudinal  compressive running 
load (gxf , acting at  t h e  centroid of the  e f fec t ive  skin- 
c r  
s t r i nge r  cambination. The following equation is used f o r  
t h i s  purpose: 
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